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Abstract-In this paper a model for the dynamics of an age-structured population isconsidered in which the 
recruitment process is regulated by a density dependent factor. The stability of the equilibrium age 
distributions i investagated and the region of attractivity is studied. Moreover some applications tofishery 
models are considered. 
1. INTRODUCTION 
The results presented in this paper are an improved version of those given by the author and by 
Iannelli and Sinestrari in Ref. [l]. 
We shall be concerned with the following system of equations for the function ~(a, t) for 
OlasAand tr0 
u,(a, t)+ u,(a, t) = - m(a)u(a, t) Osa<A, t20 
4% t) = f(F(t))E(t) (1) 
44 0) = %(U) 
E(t) = IA b(a)u(a, t) da. 
0 
Problems of this form occur in the study of mathematical models for population dynamics, 
where the function ~(a, t) denotes the population density at time t with respect to age a. 
Moreover A is the maximum attainable age and m(a) and b(a) denote the age-specific mortality 
rate and fertility rate, respectively. Finally f represents aprocess controlling the passage of the 
newborn E(t) into the youngest class of age ~(0, t). An example of this kind of situation is the 
case of fish population where E(t) corresponds to the parental egg production, ~(0, t) to the 
recruits of the population and f is the proportion of eggs that survive to become fishes. 
We shall study problem (1) under the following assumptions 
m 2 0 is continuous on [0, A[ and we have Jt m(a) da = + ~0; 
b 2 0 is continuous on [0, A] and b+ 0; 
f 2 0 is continuous and bounded on R, = 10, + m[ and F(x) = rf(x) is piecewise con- 
tinuously differentiable on R,; 
u. 2 0 is piecewise continuous on [0, A]. 
We note that the integral condition in (H,) expresses the fact that A is the maximum 
attainable age for the population. In fact the surviving probability 
m(a’) da’ 
goes to zero as a + A. 
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Our main interest will be on the stability of the stationary solutions of (1) and on the 
analysis of the stability region. Now it can be seen that a stationary solution is given by 
BP(U) 
where B 2 0 verifies 
BRf(BR) = B (2) 
and R is the constant defined as 
I 
A 
R= b(u)p(u) du. 
0 
Concerning the existence of stationary solutions of (1) we shall assume the following 
hypothesis 
(H,) there exist B, and B2 with 0 5 B, < B2 solutions of equation (2) and we have f(x) > R-’ 
for RB, < x < RB2 and f(x) < R-’ for x < RB, and x > RB2. 
As a consequence of (H,) there exist two stationary solutions of (1) u,(a) = B,p(u) and 
uz(u) = B*p(u). If B, = 0 then u2 is the unique non trivial stationary solution. This latter 
situation occurs for example in the so-called compensatory models, whereas the other situation 
(B, > 0) occurs in the depensatory models (see, e.g. Clark[2]). 
We shall study the stability of the equilibria under the following condition for the function 
F(x) = xf(x) 
(H6) F is non decreasing on R, and we have F(x) > 0 for x > 0. 
For a discussion of the biological meaning of condition (H6) we refer the reader to May et 
ul.[3]. In Section 4 we shall give some examples of recruitment functions f, arising from fish 
population dynamics, satisfying (H,) and (H6). 
Under the above assumptions we have the following results: if B, # 0 then the trivial 
solution and u2 are locally asymptotically stable whereas ul is unstable. On the other hand if 
B, = 0 then the solutions of (1) tend to the unique non trivial equilibrium age distribution u2. 
Problems similar to system (1) were studied by Rorres [4] and by Lamberti and Vernole [5] 
who established sufficient conditions for the stability of the stationary solutions. These 
conditions are not required in our model. 
2.EXISTENCE AND PROPERTIES OF THE SOLUTIONS OF(l) 
Let us first consider the problem of finding solutions of system (1). It is easily seen, by 
integrating (1) along its characteristics, that a function u satisfies (1) if and only if it is given by 
B(t - u)P(u), ifact 
,(a, t) = uo(a - 0 ~(apt)u), if art 
(3) 
where the function B(t) satisfies the following equation 
B(t) = F(I,’ K(t - u)B(u) da + g(t))’ (4) 
with K and g defined as 
b(u)p(u), if a <A 
K(a) = { 0, if uzA 
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and 
Therefore, to investigate the properties of the solutions of (1) it suffices to study the integral 
equation (4). The following theorems collect some preliminary results concerning equation (4) 
(the details of the proof are given in [I]). 
THEOREM 1 
Let (H,)-(H,) hold. Then there exists a unique continuous B : R, + R, solution of equation 
(4). Moreover B depends continuously upon the initial datum uo. 
We now investigate the behavior of the function B(t). First note that setting 
A’ = {sup a E [0, A]: b(a) > 0} (5) 
then it is easy to see that if uo(u) = 0 on [0, A’] then we have B = 0. Hence using (3) we find that 
the solution of (1) is identically zero for t 2 A. If we exclude this trivial situation we have the 
following result. 
THEOREM 2 
Let (HI)-(HP) hold and let F(x) > 0 for x > 0. Furthermore let u,,(u) > 0 for some a < A’. 
Then there exists T such that B(t) > 0 for t 2 T. 
3. ASYMPTOTIC BEHAVIOR OF THE SOLUTIONS 
We now turn to the problem of the stability of the equilibria of (1). To this end we shall 
study the solutions of (4). 
In what follows we shall assume that (H+(H6) hold. Now it is easy to see that if 
uo(a) = B&a) on [0, A’] then we have B = B1. Hence by (3) we find that ~(a, t) = B&u) for 
t t A. A similar result holds if uo(u) = B,p(u) on [0, A’]. If we exclude these trivia1 situations 
we find the following resuh concerning the behavior of B(f). 
THEOREM 3 
Set I = [0, A’]. Then the following properties hold (i) if uo(u) 2 B&u) on I then B(t) z Bk 
for t 20, k = 1,2; (ii) if uo(u)< B&u) on I then B(t)5 Be for tr0, k = 1,2; (iii) if uo(u)r 
Blp(u) on I and uo(a) > B,p(a) for some a < A’ then there exists T such that B(f) > B1 for 
t 2 T; (iv) if.u,(u) I Blp(u) on I and uo(a) < Blp(u) for some a < A’ then there exists T such 
that B(t) < BI for t z 7’. 
Proof. Using (3) we have for t < A 
E(r) = I’ b(u)p(a)B(t - u)da +I* b(u)p(u)wdu 
0 I 
f A = I b(u)p(u)F(E(t - a)) da + 0 I I b(u)p(u) w da 
= G(E)(t). 
Now let u”(a) 2 B@(u) on I, k = 1,2. It is easy to see that if E(t) 2 RB,, then G(E)(t) -> RBk, 
k = 1,2. Therefore by the uniqueness of the solutions of the equation E(t) = G(E)(t) we find 
that E(t) z RBL and hence B(t) = F(E(t)) 2 F(RBk) = Bk for t < A, k = 1,2. The case I z A 
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and assertion (ii) can be proved in a similar way. To prove (iii) let uO(u) r &p(a) on I and let 
u,,(a) > &p(u) for some a < A’. Using property (i) and a computation similar to that of ([I], 
Lemma 1) we find that there exist t’ < t” such that E(t) > RB, for t’ 5 t 5 t”. Now let in addition 
RB, < E(t) < RB,; by assumption (H,) we have f(E(t)) > R-’ and hence F(E(t)) = 
E(t)f(E(t)) > B,. On the other hand if E(t) 2 RB, we have by (H6) that F(E(t)) L F(RB?) = 
B2 > B,. Therefore we find B(t) > B, for t’s t 5 t”. Finally the proof of (iii) can be ac- 
complished by a computation similar to that of ([l], Lemma 2). Assertion (iv) can be proved in a 
similar way using property (ii). 
The following result concerning the behavior of the solutions of (4) is also valid (for a proof 
see [l]). 
THEOREM 4 
Let J be a closed interval of length A’. Then the following properties hold (i) if B(t) > B, on 
J then lim,,,, B(t) = B,; (ii) if B(t) < B, on J then lim,,,, B(t) = 0. 
We are now able to study the stability and the region of attraction of the stationary solutions 
of (1). 
THEOREM 5 
Let 0 < B, < B2. Then we have (i) if U,,(U) L Bg(u) for 0 5 a I A’ then u(u, t) 2 B&a) for 
t 2 A, k = 1,2; (ii) if uO(a) 5 B&u) for 0 I a I A’ then ~(a, t) s B@(a) for t 2 A, k = 1,2; (iii) 
if u,,(a)? B&u) for 01 a 5 A’ and ~~(a)> B&u) for some a < A’ then we have 
lim,,,, ~(a, t) = Bg(a), uniformly for 05 a 5 A; (iv) if u,,(a) I B&u) for 0~ a 5 A’ and 
u,(a) < B,p(u) for some a < A’ then we have lim I++m ~(a, t) = 0, uniformly for 0 5 a s A. 
THEOREM 6 
Let 0 5 B, < BZ. Then we have (i) if u,(a) = 0 for 0 I a 5 A’ then ~(a, t) = 0 for f 2 A; (ii) if 
&(a) > 0 for some a < A’ then lim,,,, ~(a, t) = B,p(a), uniformly for 0 5 a 5 A. 
4. SOME FISHERY MODELS 
We now consider some particular cases of the model described by (1) which are relevant in 
fish population dynamics. Throughout c, d > 0 and 0 < r 5 1 are constants. 
(1) the Beverton-Holt model [6], where the recruitment function f is given by 
f(x) = d+Cx’. 
(2) The Chapman model[7] where 
cd, ifx=o 
f(x) = I c( 1 - exp ( - dx)) if x > 0. X I 
(3) A depensatory model (see Hoppensteadt [8] and Getz[9]), where 
f(x) = 5. 
It can be seen that with suitable choices of c and d the functions given in (l)-(3) satisfy 
assumptions (H,) and (H6). Moreover in the first two cases we have that all solutions of (1) tend 
to the unique stationary solution. In the latter case it can be seen that there exist two non trivial 
equilibrium age distributions and the behavior of the solutions of (I) is described by Theorem 5. 
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